Introduction
Development of approaches to quantify polycrystalline grain morphology and understand its role in the microstructure-property relations is of critical importance for many materials applications. Materials simulation software (e.g. phase field, Potts model, vertex models etc), especially those relying on the finite element method, often use Voronoi tessellations as a way of representing the grain boundary network in a polycrystalline microstructure [1] [2] [3] [4] [5] [6] [7] . A review of the Voronoi tessellation approach and properties can be found in [8] . Alternatives based on physically-driven simulations of annealing or recrystallization [9] [10] [11] , or algorithms that attempt to directly reproduce statistical data coming from experimental characterizations [12] have been introduced, which are more accurate in representing realistic microstructures, but often come with additional computational challenges [13] .
Despite its popularity and obvious advantages due to its relation with unstructured meshing techniques, the Voronoi approach is inherently phenomenological and can potentially introduce a bias related to the suboptimal choice of the microstructure type. Indeed, the effect of the distribution of Voronoi cell generators on microstructure and materials properties is not fully understood [14] . Going beyond the work performed by Silva et al, we carry out sensitivity analysis to investigate dependence between materials mechanical response and mesoscale representations of a microstructure network by perturbing Voronoi generators in several different ways. The fundamental idea in this study is to find appropriate measure(s) of morphology that would be sensitive enough to capture variations in mechanical behavior.
One way to characterize morphological features is based on the concept of entropy. The first definition of entropy (developed by Rudolf Clausius in the 1850s) came from the field of thermodynamics. In [15] , Berdichevsky introduced the notion of microstructure entropy as a key thermodynamical parameter in a micro-plasticity model, and later described how to select (from the experiments) the probabilistic measure used to compute the entropy of random structures using the analysis of the homogenization problem [16] . An alternative definition of entropy (developed by Ludwig Boltzmann in the 1870s) came from statistical mechanics field. This definition leads to the interpretation of entropy as a measure of disorder. One of the first attempts to apply entropic measure of this type to quantify the topology of the grain boundary network is due to Mason et al [1] . In our study we quantify the statistical topology and geometry of the grain boundary network using the Rényi entropy approach motivated by the work of A-iyeh and Peters aimed at measuring information levels of Voronoi tessellations in the context of image analysis [8] . In the special case of grain size-based Shannon entropy this measure coincides with the relative density measure considered in [14] . Following [1] , we use the concept of Jensen-Rényi divergence to measure distances between grain boundary networks.
The main objective of this work is to use Rényi entropy measures to analyze the sensitivity of the mechanical response to the microstructure topology and geometry and find measure(s) suitable for a given purpose. One may employ a variety of modeling methodologies when it comes to simulating elasto-plastic response of polycrystals. We chose the discrete element method (DEM) as a tool for analyzing mechanical response for a given microstructure. This choice is in part motivated by the fact that DEM allows to capture both intergranular and transgranular microcrack initiation and evolution in polycrystalline materials, in addition to standard elastic regime. In our code we use linear grain-level micromechanical model based on DEM using bonded contacts, prismatic particles and improved fracture criteria. Conclusions of this work are limited to DEM-based algorithms and as such should not be extrapolated to other simulation methodologies. Alternative candidates include phase field models [17] , Monte Carlo Potts algorithms [18] , cellular automata [19] and level set methods [20, 21] , which are used in a variety of engineering software products. While comparative study between models is outside the scope of this work, the authors feel that this investigation should prompt future research in this area. Since this study is primarily concerned with the topological and geometrical information related to grain numbers of sides and grain areas, respectively, we are only considering the case of crystallographic isotropy and do not include grain growth and recrystallization processes. Other parameters such as misorientations and dihedral angles can be explored under the same framework and will be the subject of future investigations.
The paper is organized as follows: in section 2 the procedure for generating the polycrystalline microstructures is presented. Then a measure of microstructure geometrical and topological and geometrical disorder based on the Rényi entropy is introduced together with the description of the DEM model used to perform simulations of uniaxial compression tests on the microstructures. In section 3 numerical results are presented. Stress-strain curves produced by DEM simulation are followed by scatter plots of the mechanical response with respect to the different entropy measures. The effects of mesoscale topological parameters on the mechanical behavior of polycrystalline materials are analyzed. Finally, in section 4 several concluding remarks are presented.
Methods

Microstructure generation
Two types of 2D microstructures on a rectangular specimen with a height to width ratio of 2 are considered in this study:
(i) The hexagonal structure consisting of hexagonal cells. It is a Voronoi tessellation of a hexagonal lattice. (ii) The perturbed structure. It is generated by taking a Voronoi tessellation of a perturbed hexagonal lattice in which the centers of Voronoi cells are displaced in a random direction by a distance sampled from four different distributions: (a) Normal distribution with a standard deviation and mean of [1] . The rest of the perturbations have not been studied in this context before. A variety of topologies can be observed in figure 1 with shows representative samples of the hexagonal and perturbed reference microstructures.
Microstructure entropy
The topology and geometry of a 2D microstructure X representing a polycrystalline material consisting of a total of N grains can be described by a probability distribution ( ) p A of a certain discrete or continuous random variable A that can represent any relevant network parameter. In discretized form, it is convenient to represent ( )
, denotes a certain equivalence class (a certain bin in the corresponding histogram). In this work we consider two types of random variables: Type 1. Grain size. In this case, the continuous random variable A represents grain sizes, or areas in two-dimensional setting. Hence
k is the probability of observing a grain in kth class based on its size. If A T is the total planar surface area of a Voronoi tessellation X representing certain material, then
Type 2. Number of sides. This is an example of a discrete random variable, where A i represents the number of sides of ith grain. Here
is the probability that a given grain has exactly k sides. Let ( ) I k be the number of k-sided polygons in the microstructure X. Then
Several statistical measures can be used to characterize microstructures based on these distributions. In this study we are focusing on the Rényi entropy which generalizes the notion of Shannon entropy used in prior work of Mason et al [1] .
The Rényi entropy [22] provides the information of order  b 1 of the quality of the random microstructure X generated via Voronoi tessellation and is calculated as
The standard Shannon entropy represents a limiting case of b = 1:
Both of these quantities are used to measure the disorder of a graph-like structure (in this case, grain boundary network).
Distance between microstructures
To quantify the topological and geometrical differences between two microstructures X and Y we use the metric defined as a square root of the Jensen-Rényi divergence with equal weights: and p X and p Y are the probability distributions for X and Y respectively. For the limiting case when b  1, we use the metric defined as the square root of the Jensen-Shannon divergence with equal weights:
DEM model
To simulate the mechanical behavior of 2D polycrystalline materials with microstructures generated as described in section 2.1, we used the non-spherical discrete element modeling code (ERDC-DEM) originally described by [23, 24] to model intergranular microcrack initiation and evolution by adopting a simplified description of the bonded particle model proposed by [25] . DEM simulations of the interaction between rigid particles is based on the numerical solution of Newtonʼs second law of motion using the velocity Verlet algorithm.
The contact forces are computed and then integrated to determine particle motions. The normal (  F n s ) and shear (  F t ) components of the contact force are calculated from a modified Hookeʼs model with parallel viscous damping and a Coulomb friction cap on the tangential force as described below: 
And the Coulomb frictional forces are computed as:
where m r is the rolling coefficient of friction and m s is the sliding coefficient of friction. The contact is a Kelvin model, represented by a purely viscous damper and a purely mechanical spring connected in parallel. The Coulomb contact and the bonding are assumed to act in parallel, so that the behavior of a collection of grains joined by bonded contacts can be simulated. The normal (F bn ) and the shear (F bs ) forces due to bonding are computed as:
where K br is the spring rotational stiffness and K bt is the spring torsional stiffness. Failure occurs when the total force and total moment due to any of the contact modes exceeds the limits for a combined yield criterion. Bond failure due to tension, shear bending and torsion occurs when the corresponding bonding force exceeds the particle-to-particle corresponding strength. The normal, shear, rolling and torsional limits of failure are computed respectively as:
where t bn is the bond normal strength and t bs is the bond shear strength.
is the area moment of inertia and = J I 2 b b is the polar moment of inertia. Following classical theory (see e.g. [26, 27] and references therein), equivalent Cauchy stress tensor is computed for each discrete element as
where Ä is the tensor product, s i is the equivalent Cauchy stress tensor of the discrete element i, V i is the volume of the discrete element i,  F ij is the total contact force exerted on the discrete element i by the discrete element j and  d ij is the moment arm vector between the centroid of the discrete element i and each contact point with the discrete element j. The formulation in equation (7) ensures that the computed particle stress tensor (s i ) is symmetric and it has been used to compute an approximated stress tensor (s) in discrete systems with N p particles [28] [29] [30] :
Since DEM tracks each individual particleʼs motion, to accurately mimic materials' behavior DEM requires calibration of the particle-level parameters (such as particle density, modulus of elasticity, and coefficient of friction). For coarse materials these parameters are relatively easy to measure and the ERDC-DEM modeling code used in this study has been validated for granular materials as reported in [23] . However for cohesive materials composed of fine particles obtaining direct measurements of particle-level parameters is nearly impossible, since most of the phenomena occurring at the micro-scale cannot even be directly observed. For cohesive materials, parameter calibration mainly consists on replicating bench-scale physical experiments with DEM simulations and then modify the particleʼs parameters to optimize the results. The parameters used in our simulations are the result of this type of calibration.
Numerical results
Setup
Our benchmarking set includes the hexagonal lattice as well as 4 sets of microstructures each consisting of 25 samples on a rectangular domain
0, 100 0, 200 mm 2 . As described in section 2.1, each set corresponds to one of the following types:
For each microstructure, discrete area probabilities p k were calculated using equation (1) and considering K=24 equivalence classes (bins); each class representing the grain areas in the ranges
26, which covers the range of the values we have observed in the sampled data. Similarly, discrete side probabilities were calculated using equation (2) considering K=8 classes; each one representing the number of grain sides varying from 3 to 10. Histograms of the areas and number of sides probability distributions for each of the four microstructure sets are shown in figure 2 .
Both sets of probabilities were used to compute entropy values using equations (3) and (4). Specifically, Shannon entropy and Rényi entropy with b = 1.5, 2.0, 2.5 values were calculated for the four sets of the referenced microstructures. These entropy values are a measure of the degree of disorder in the microstructure: the higher the entropy value the larger de degree of the disorder in the microstructure. It is worth noting all size and side based entropy calculations order the four microstructure sets as illustrated in figure 3 ; with the exception of few Lognormal microstructures which have entropy values overlapping with entropy ranges for Weibull and Poisson microstructure sets. From the entropy calculations and the distribution histograms we observed that as the tails of the size and side histograms get fatter, the entropy values increase. Normal-Voronoi microstructures have the thiner histogram tails and smaller entropy values, followed by Weibull-Voronoi, and then by PoissonVoronoi microstructures. Lognormal-Voronoi microstructures have the fatter histogram tails and the higher entropy values with few exceptions.
On each of these 101 samples, we performed DEM simulations of quasi-static uniaxial compression loading for rectangular solids with contact parameters described in table 1 and bonded parameters described in table 2. Loading was applied in the y-direction and the top and bottom wall moved inwards with a velocity of 0.2 mm s −1 . Simulations were run for up to 50000 time steps and the critical time step required to ensure that the numerical scheme will Gap for initial contact 0.03 mm Particle-particle normal spring stiffness constant 1000 N mm −1
Particle-particle shear spring stiffness constant 100 N mm , where m is the mass of the smallest particle and k is the constant spring stiffness of the smallest particle.
Mechanical response
From the DEM calculations, the longitudinal strain percentage was calculated by averaging the vertical length decrease, the stress values for each grain were calculated using equation (7) and the corresponding normal stress for the specimen in the y-direction (s yy ) was calculated using equation (8) . The specimen stress calculation was limited only to the middle one-third of the specimen to avoid boundary effects. Resulting stress-strain curves are shown in figure 4 , where the perfectly hexagonal microstructure response corresponds to the thicker curve, which has the minimum entropy value h = 0 representing zero disorder. All stress-strain curves were plotted together in figure 5. Curves were colored using gray scale based on side-based Shannon entropy values, the darker the curve the smaller the entropy value. The stress-strain curves for Normal-Voronoi microstructures are closer to the hexagonal curve than the rest of the microstructres. From these stress-strain curves, several mechanical parameters were extracted: Youngʼs modulus, proportional limit, first yield stress and toughness. The elastic modulus is determined from the Hookʼs law as the ratio of stress to strain (  s = E ). Specifically it is determined as the slope of the tangent to the stress-strain curve at a point in which the ratio of change in stress to change in strain is maximum. The first yield is the stress beyond which the material is no longer elastic and the toughness is the area under the stress-strain curve. Elastic parameters for the hexagonal microstructure are presented in table 3. The mechanical parameters were plotted against their corresponding entropy values: Youngʼs modulus in figure 6 , proportional limit in figure 7 , first yield stress in figure 8 and toughness in figure 9 . In all the scatter plots circles, diamonds, squares and triangles correspond to parameter values of Normal-, Weibull-, Poisson-and Lognormal-Voronoi microstructures respectively. From these scatter plots we observed that, all of the elastic parameters have a nonlinear trend with respect to the four entropies based on both size and side statistics. Overall, the larger the entropy value the weaker the mechanical performance of the material. However, in the scatter plots for the size based entropy, few Lognormal-Voronoi microstructures with the largest entropies values surprisingly do not have the smallest values for the elastic parameter as expected. On the contrary, the scatter plots for the side based entropy clearly shows a strictly non linear decreasing trend, with the exception of Youngʼs modulus which behaves similar to the size based plots.
Also, entropy data naturally cluster in terms of microstructure type. In fact, the closer the Rényi parameter β is to 1, the more distinguished the clusters are, especially in the plots for size based entropy. This clustering is based on the perturbation type used to construct the Voronoi cells (representative of grains), thus there are four visible clusters, one for each reference microstructure. All the above suggests that, not only the type of entropy used to reveal dependence of the mechanical parameters on the topological information is important, but also the features considered to calculate those entropy values, such as size and side distributions. Another important insight from these scatter plots is that they could provide meaningful information when attempting to design materials with specific mechanical properties. For example, if the goal is to design a material with toughness values ranging betweeń 100 Pa % and110 Pa %, the plots suggest that the material should have a Shannon sizebased entropy value ranging between 3.4379 and 3.7188 and the type of microstructure best suitable to get this desired feature could be Weibull-Voronoi.
In addition to looking at entropy calculations, distances from the hexagonal microstructure based on Jensen divergence concept were calculated using equations (5) and (6) for the limiting case b  1. The elastic parameters were also plotted against their corresponding distance values: Youngʼs modulus in figure 10 , proportional limit in figure 11 , first yield stress in figure 12 and toughness in figure 13 .
From these plots, it is worth noting that for the size based distance calculations the Rényi-Jensen divergence based distance definition with parameter b = 2.5 is the one which shows the clearest dependence between the mechanical parameters and the distance values, the other types of distances are less conclusive since data is more spreadout. Similarly, as in the entropy plots, this dependence has a nonlinear decreasing trend in which the NormalVoronoi microstructure type appears as the closest in distance to the hexagonal microstructure; which is expected since this type is the one with more six-side grains than the rest of the other types of microstructures. On the other hand, for the side based distance calculations, it is the Jensen-Shannon divergence based distance the one that shows the clearest dependence.
A sensitivity analysis of the elastic response versus entropy values based on the number of grains was also performed. We ran uniaxial compression simulations on 5 samples for each microstructure type, each sample with different number of grains ranging from 200 grains up to 1700 grains. Samples were generated by varying the hexagonal lattice spacing and keeping constant the height to width ratio of the specimen. Results of this convergence analysis with areas-based and side-based entropy values are shown in figures 14 and 15 respectively. Left columns corresponds to samples with 350 and right columns corresponds to samples with 1020 grains. From top to bottom Youngʼs modulus, proportional limit, first yield and toughness values are plotted against 11 different Rényi entropy values corresponding to variations of the β parameter from the limiting case (the Shannon entropy) up to 2.5. Results for Hexagonal, Normal-Voronoi, Lognormal-Voronoi, PoissonVoronoi and Weibull-Voronoi microstructures are depicted with a star, circles, triangles, squares and diamonds respectively. We observed the hexagonal microstructures have the largest mechanical parameter values, the mechanical performance dependence on entropy values again shows a nonlinear decreasing trend as the number of grains is increased. We also noticed that as the number of grain increases, the Lognormal-Voronoi microstructures become marginally mechanically stronger than the Poisson-Voronoi and Weibull-Voronoi microstructure types. However, as a general trend we observed that the larger the entropy value the weaker the mechanical performance of the material no matter the number of grains in the specimen. 
Damage response
Finally, the dependence of the microstructure damage, in terms of grain boundary failure, on the microstructure topology and geometry was also explored. Figure 16 shows the bonded contact network at the first and last time step of the DEM simulation for the microstructure with highest first yield stress within each set and the hexagonal microstructure. Bonded contacts are depicted as darker points and non-bonded contacts as lighter points. From 
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0 , the ratio of the number of bonded contacts at time t 0 versus the number of bonded contacts at the end of the simulation denoted as t f . The smaller C r the larger the number of bonded contacts remaining and therefore the microstructure presents less damage. Table 4 shows the mean and median of bonded contacts ratios for each microstructure set. This ratio is the smallest for the hexagonal microstructure compared with the others, = C 1.6725 r hex . Table 5 shows the corresponding mean and median of Shannon and Rényi (b = 1.5) entropy values for each microstructure set, for both size and side distributions. It can be seen that as the entropy increases the mean and median of the ratios C r decrease, with the exception of the hexagonal case which has zero entropy and the smallest contact ratio C r ; or in other words, the larger the amount of topological and geometrical disorder in the grain boundary network facilitates resistance to crack propagation. In fact, the Lognormal microstructure has the largest mean and median entropy values while having the largest number of bonded contacts remaining at t f , or second smaller contact ratio = C 2.4131 r
Log
. Hence, these entropy-based metrics do not seem to reflect the trend that we see in the amount of damage observed by DEM. To better elucidate this dependence, we looked at the distance metric in addition to the entropy metric. Table 6 shows the corresponding mean and median of Jensen-Shannon and Jensen-Rényi (b = 1.5) divergence based distance values for each microstructure set, for both size and side distributions. When using size-based and side-based Jensen-Shannon distance and side-based Jensen-Rényi distance, a similar trend as the entropy trend is observed: as the distance increases the ratio C r decreases. This suggests that these three distance metrics are not well suitable to reflect the amount of damage observed by DEM either. However, when using size-based Jensen-Rényi (b = 1.5) distance metric, depicted in bold columns table 6, we can clearly observe the decrease in C r values when the distance from hexagonal microstructure decreases. In this particular case, the Lognormal microstructure is the closest to the hexagonal microstructure both in terms of mean ) distance values and in terms of the number of bonded contacts. This phenomenon confirms the importance of investigating the topology-performance response and geometrical-performance response of 2D polycrystalline materials in terms not only of one specific entropy metric but several of them and also in terms of different distance metrics. The fact that the relationship between the mechanical parameters and the size-based Jensen-Rényi (b = 1.5) distance metric showed a trend completely opposite to the other three distance metrics (Shannon and b = 2.0, 2.5), encouraged us to investigate further distance metrics with β varying from the limiting case 1.0 through 2.0. Figure 17 shows the trend for each case. For β values between the limiting case 1.0 and 1.2 we observed a decreasing trend, 
Summary and conclusions
In this work, we used relatively simple topological and geometrical measures to analyze the sensitivity of the mechanical response, as quantified by a DEM simulation, to the microstructure topology. Five types of microstructure were generated and for each one of them Rényi entropies with parameter b = 1.5, 2.0, 2.5 and the limiting case b  1 (corresponding to the Shannon entropy) were calculated as an approach for characterizing 2D polycrystalline materials topology, based on the grain sizes and grain number of sides distributions.
Simulations of quasi-static uniaxial compression loading tests over rectangular specimens were performed by using a grain-level micro-mechanical DEM to reveal dependence of materials mechanical properties on the mesoscale topological information. 25 rectangular specimens were generated for each reference microstructure set: Normal-Voronoi, WeibullVoronoi, Poisson-Voronoi and Lognormal-Voronoi. The grains were assumed to be made of an idealized material with properties described in tables 1 and 2.
Overall, results revealed that the larger the entropy values the weaker the mechanical performance of the material measured by Youngʼs modulus, proportional limit, first yield stress and toughness in DEM simulations. These observations are especially important when choosing appropriate initial configuration for various large-scale simulations.
Also, for each microstructure type, their corresponding mechanical parameters have their own range of values; suggesting that this approach could potentially be beneficial when attempting to design materials with specific mechanical response.
By looking at different entropy and distance metrics it was also observed that different metrics should be taken into account when trying to expose dependence of different mechanical properties on the mesoscale topological and geometrical information. Namely, different types of features can be extracted from different metrics. This study suggests that Shannon entropy could be the best candidate metric for designing materials with certain Youngʼs modulus, proportional limit, first yield stress and toughness. However, size-based Rényi distance metrics might work better when it comes to quantifying bond breakage.
